Abstract-The cylindrical wire kernel possesses a singularity which must he properly treated in order to evaluate the uniform current vector potential. Traditionally, the singular part of the kernel is extracted resulting in a slowly varying function which is convenient for numerical integration. This paper provides some new accurate and computationally efficient methods for evaluating the remaining singular integral. It is -culated coupling, but were mistakenly dismissed as inaccuracies caused by numerical integrations [ 121. This work thus underscores the point that analytic results still have an important role to play in the understanding of electromagnetic phenomena.
in various approximations. Also presented is a highly convergent exact series representation of the integral which is valid except in the immediate vicinity of the singularity. Finally, a new approximation is derived which is found to be an improvement over the classical thin wire approximation. It is demonstrated that each of these methods provides extremely accurate as well as efficient results for a wide range of wire radii and field point locations.
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I. INTRODUCTION
The expression for the cylindrical wire kernel possesses a singularity which must be properly treated in order to evaluate the cylindrical antenna integral equation. Several approximations to the kernel in the electric field integral eauation are discussed in 111. Schelkunoff [3] transformed the singular part of the kemel into an elliptic integral of the first kind and showed that the asymptotic behavior in the immediate vicinity of the singularity is an integrable logarithmic term. Pearson [4] pointed out that by expanding the elliptic integral in a series form, the logarithmic term which gives rise to this asymptotic behavior is extracted. However, the resultant infinite series is complicated by the presence of additional integrals which must be evaluated numerically. Wilton and Butler [5] also avoided the singular nature of the kernel by directly replacing the singularity with the integrable asymptotic logarithm term and then extracting it from the kemel. The disadvantage of this approach is that the remaining integrand, although very smooth, cannot be evaluated at the singularity because the logarithm function as well as the elliptic integral are unbounded at this point. Also, evaluation at all other points requires double numerical integration. In another communication, Butler [6] presents a different form of the extracted integrable singularity and expands it in a highly convergent power series which is valid in the vicinity of the singularity for thin wires with piecewise constant current. For thin wires in which the radius is much less than the wire length and the wavelength, the reduced kernel approximation is widely used [7] . This form is independent of azimuthal variation and hence requires evaluation of only a single integral. When the current is uniform, the integrable singularity can be evaluated analytically.
This paper presents some computationally efficient and accurate alternatives for computing an integral of the extracted singularity associated with the vector potential of a uniform current cylindrical wire antenna. An intermediate approximation, which is valid for thin wires with piecewise constant current, is shown to be more accurate than the classical thin wire approximation while maintaining computational simplicity. For thicker wires, it is shown that the term containing the extracted singularity can be cast into a single integral form which is amenable to numerical integration. Also, a highly convergent exact series solution to the integral of the extracted singularity is presented which is valid for all cases except in the vicinity of the singularity. The results given here can be directly implemented in a moment method solution in which the unknown current is represented by pulses or by more complicated basis functions which contain a constant term, such as trigonometric or polynomial [8] , [9] .
THEORY
of length A and radius a centered about the z-axis is given by [7] The vector potential associated with a cylindrical wire (segment) where represents the cylindrical wire kemel, in which The integrand in (2) contains a singularity which may be extracted by expressing the cylindrical wire kernel in the form [3] For the situation in which the current is assumed to be uniformly distributed over the surface of the wire, Le., I z ( ; ' ) = 10, the expression for the vector potential (1) reduces to
The second integral has a very slowly varying integrand and may be readily evaluated numerically. The first integral, however, possesses a singular integrand when p = a , 2 = 2' and d' = 0. For this reason, methods for evaluating integrals of the form are of considerable interest from the computational point of view. This paper will introduce and compare several new techniques developed for evaluating integrals of the type given in (6) .
If the change of variables 5 = z -I' is applied to the integral (6), then it follows that
Interchanging the order of the integration in (7) and using the fact that As before, by interchanging the order of integration in (13) and making use of (IO), it can be shown that A power series expansion of I was derived by Butler [6] for the 
RESULTS
At the point : = 0, four methods were used to evaluate the uniform current vector potential integral of the isolated singularity associated with the cylindrical wire kernel. Equation (18) was computed using a three point Gaussian quadrature numerical integration technique, while (26), (27), and (29) give the intermediate approximation, the thin wire approximation and the three term approximation of the power series expansion derived by Butler [6] , respectively. Plots of the relative percent error for the various methods versus the segment length-to-radius ratio, A/n, are shown in Fig. 1 . As a basis of comparison, (18) was numerically integrated to a sufficiently high degree of accuracy. Clearly, the intermediate approximation and the three term Butler series have lower percent errors than the thin wire approximation across the entire range of A / a . This becomes significant as A/. approaches 4 (thicker wires) where the error associated with the thin wire approximation exceeds 1%. The three term Butler series proves to be extremely accurate and has the However, the three point Gaussian quadrature and the intermediate approximation also give acceptable errors in this range. For thicker wires, the three point Gaussian quadrature is superior and, because no assumptions were made in modifying the integral to the form shown in (18), A l a can be extended below the ratio of 4 and still achieve very accurate results.
When 2 is not in the immediate vicinity of the singularity, the Butler series expansion is no longer valid, but can be replaced by the three term approximation of the exact series representation defined in (40). Also, a three point Gaussian quadrature numerical integration of (17) Fig. 4 . The percent error decreases rapidly as :/A or A/(/ increases and the error never exceeds 1% when A/a 2 4. Also, note that the error associated with the three term approximation decreases more rapidly for thinner wires and larger z/A than the errors associated with the other approximations. For the three point Gaussian quadrature, the range of A / n is extended to 2 in order to illustrate the validity of this method for thicker wires. Fig. 5 shows that very good accuracy is achieved for a wide range of z / A and A/ii when using a simple numerical integration technique.
IV. CONCLUSION
Accurate evaluation of integrals in the form represented by (6) are important in the computation of cylindrical antenna integral equations. However, direct numerical integration of (6) Contour plot of the relative percent error associated with the also provides very accurate results for the special case when 2 = 0. A very useful form of the integral was presented for which the singularity in the integrand was removed by interchanging the order of integration and evaluating the inner integral. This approach resulted in a relatively smooth integrand which is well-suited for efficient numerical integration as well as avoids the need to evaluate elliptic integrals. Since no assumptions were made in transforming the integral, a significant advantage is that there are no restrictions placed on the ranges of A/o and z/A for which it is valid. A new exact 
